The main aim of this work is the proof of Theorem 5 (see [6] ). The case w = 0 of this theorem is classical, and the case w = 1 has been proved by Shioda [5] . The latter paper served as a departure point for the author. At present M. Kifer and I. Skornjakov have obtained the corresponding results for the Hubert modular group. The author expresses his gratitude to Ju. I. Manin, in whose seminar this work was done.
§0. Main results 0.1. All algebraic varieties, their morphisms, and differentials to be considered below are defined over C. Let Β denote a nonsingular projective surface with a canonical projection Φ: Β -»Δ and a section ο: Δ->Β. Assume that its general fiber is an elliptic curve and Δ is a nonsingular projective curve. A point υ G Δ is called a point of nonsingular type if the fiber Β υ = Φ~\ν) is an elliptic curve. Let Δ' be the set of points of nonsingular type and B' = B\^ (B restricted over Δ'). Then the nonsingular algebraic variety " acts freely, properly, and discretely on the analytic variety H' X C w , the differential ω φ is extended to a holomorphic form on Β γ and hence defines the map (0.1). 0.5. REMARKS, a) In this paper w is always assumed to be a natural number. The corresponding results for w = 0 have not been formulated. The author has not described them because they are classical.
b) The variety B w is obtained from* B w by a resolution of singularities. In §4 the rationality of these singularities is proved. Therefore any resolution of Βγ serves for Theorem 0.3. There is always some resolution defined by the results of Hironaka. In §3 we construct a canonical resolution.
§1. Elliptic surfaces
Denote by Δ a nonsingular algebraic curve. Let Β denote a nonsingular algebraic surface with an elliptic structure. This means that a canonical projection Φ: Β -» Δ and a section ο: Δ -» Β are defined such that the general fiber of Φ is an elliptic curve.
Let Ε be an open subset of Δ with respect to the C-topology (all topologies considered in the paper correspond to an analytic structure of varieties). By Β \ Ε we will denote the analytic space Φ~ '(is). If Ε is a real topological manifold with a boundary in Δ then B\ E will denote the topological manifold with boundary Φ~ι(Ε). Moreover, we will denote by B v a geometrical fiber of Φ over a point ν G Δ. The restriction symbol | will be used also for arbitrary varieties with a projection on Δ.
Before we state the classification theorem on fibers of an elliptic surface we recall the meaning of the expression Θ νί are different components of the fiber, and μ νί are its multiplicities. We assume that Θ ϋ>0 is the component containing the point o(v), and that its multiplicity is equal to 1. Sometimes, if no confusion arises, the index ν in θ ν , will be dropped. In the sequel we everywhere assume for the surface Β that the Θ^,· are not exceptional curves of the first kind and the functional invariant J is not constant. The theorem is a direct corollary of the existence of the section ο and of Theorem 6.2 of [3] . A fiber of type I o will be called nonsingular; other fibers are called singular. Moreover, a point o£A will be named by the type of B v . There exists a finite subset Σ c Δ which contains all points of singular type. In the sequel we assume furthermore that J (Σ) η {0, 1, oo } = 0, where J is the functional invariant of B.
In § §2 and 3 projective varieties B w and B w (the latter is nonsingular) will be constructed. Now we will define the surfaces Β l and B l . B x is constructed from Β by a sequence of monoidal transformations centered at points of fibers of types II, III and IV. In a fiber of type II we make the monoidal transformation centered at the singular point q. The new fiber over this point is of the form θ 0 + 20 1? the Θ, being nonsingular rational curves with Θ ο · θ χ = 2q'. Making the monoidal transformation centered at q', we obtain a fiber of the form Θ ο + 2Θ { + 3Θ 2 , the Θ, being nonsingular rational curves with Θ ο · ©! = 0j · Θ 2 = Θ ο · Θ 2 = q". The monoidal transformation centered at q" defines a surface Β l over a point of type II. In the case of a fiber of type III we first make the monoidal transformation centered at q, the point of intersection of the components. Thus we obtain a fiber of the form Θ ο + Θ, + 2Θ 2 , the Θ, being nonsingular rational curves with Θ ο · ©j = Θ, · Θ 2 = Θ ο · Θ 2 = q'. The monoidal transformation centered at this point defines the surface Β ι over a point of type III. For points of type IV the surface B l is defined by the monoidal transformation centered at the point of intersection of the components. Β l has a canonical projection φ 1 : Β' -> Δ. The proof of the following proposition follows from the construction of the surface B 1 . PROOF. The construction of Chapter 8, iv, v, of [3] immediately implies the normality of the analytic spaces C \ F and {t}\ F. Therefore the process of constructing B l is inverse to the resolution of singularities (Chapter 8, iii, of [3] ) of C \ F and {/} \ F. On the other hand, the process of blowing down exceptional curves in fibers of type II, III and IV is inverse to the construction of the surface B l .
• The local descriptions of the surface B The last matrix is determined uniquely by the point ν and is denoted by A v . A v will be called the normal monodromy form of an elliptic surface in the point υ G Δ. The matrix A v determines the type of the point υ (see Table 1 ), which is a direct corollary of the construction of Chapter 8 of [3] . The arguments of the beginning of §8 of [3] easily imply the following result. After a suitable permutation of Θ, the intersection matrix has the following form:
The corresponding quadratic form (n > 1) 
M")
for any β, γ Ε 7Γ,(Δ'). Define an action of the group 6 W = Τ7,(Δ' ) X Z w X Z w (semidirect product) on the analytic variety ί/' Χ C as follows: 
D
We will also denote by [σ, ξ] , ξ Ε C w , the points of F w . For suitable τ, ζ and σ the action of the group C has the following form:
where e K = e 1 ™/" is a generator of C and/^σ) is an analytic function from Table 2 . The functions ζ(σ) describe the lattice which defines F w . 
Here The analytic space 9l£ has one singular point, the orbit of (0, 0). Denote by N™ an analytic space which is a connected open set containing the point s(?il™) of 91 μ .
(ii) Just as in (i), the action of the group C on C X C defines an analytic space Ν™ μ with one singularity, the orbit of (0, 0). PROOF, a) The injectivity of (3.1) is obvious, and the regularity of the inverse map follows from the fact that any branch of the function tfz , z Ε C, is regular on a small neighborhood of a nonzero point.
PROPOSITION.
('/This is C 2+1 with projection Zf, Z t being the first coordinate. Hence 91 is nonsingular.
• By this lemma a birational map Denote by 91 the closure of the image of the map (3.5) (this will not lead to confusion with the preceding or the following, since we will always indicate the map to which 91 corresponds).
LEMMA, a) (3.5) is a biregular imbedding. b) 91 is a nonsingular variety.
PROOF. It is evident that the open sets {vy Φ 0} (/ < j < w), {ΐ/,-.,υ^· φ 0} (2 < / < μ -1) and {μ μ _ χ φ 0} cover 91. It follows from the relations (/ < η < μ -1) which hold for points of the set 91 η {υ^ Φ 0), where 1 < / < w, Ι φ j, that there exists an inclusion^ΐ
By analogy the relation (1 < k < / -1)
for points of 91 η {«,·_ι Φ 0} implies the inclusion η {Uk^o}.
Let us introduce the following charts on the variety C"
η {α*^ο})ηί η {»»./* o>\
Since Wf = J*7, for brevity we denote this chart by ΐν μ . The inclusions (3.6) and (3.7) imply that 91 is covered by charts Wj (1 < i < μ -1) and W\ In each chart we distinguish some subsystem of coordinates and relations which express other coordinates of points of 91 via the distinguished ones: be the stationary subgroup of this point (see §2.2 (i)). In a neighborhood of ρ let us introduce coordinates (depending on the type of the point v):
II, Π\ 111, ill*:
IV, IV: ζ -(1-σ*)(ζ-ρ).
The action of the group <7 κ/μ takes the following form in the coordinates (3.17):
eT = e Vi \ (σ, ζ)»-* (<? μ σ, <ζ), (3.18) where + corresponds to types I o , II, III, IV, and -corresponds to types I*, II*, III*, IV*. Therefore the image of ρ in the quotient space C \ F w = B W \ E is of the form (±μ, w)j. The proof of (3.18) is a direct calculation using the definition of the action (2.3) and Table 2 . d) Now we analyze the case when t > = M, £ Σ is of type I* {b > 1). F is an elliptic family over D = {σ G C| |σ| 2 < ε) with one singular fiber F o of type l 2b . The involution / has four fixed points on F such that at a suitable choice of coordinates (f Aj ,; see Chapter 8, v(2), of [3] ) the action of t has the following form in a neighborhood of these points:
Using the definition of B W \ E from §2.2 (iii), the case considered above (see b)) and the fact that κ = 2, we obtain the last column of Table 3. • PROOF OF LEMMA 3.10. b) For any two points i,j of the graph F(JC 0 ) one of the edges Ij or ji is defined. Item b) of the lemma is a direct corollary of this property and of item a). is defined. In the sequel we will assume that Μ and Μ are compact. Let dim Μ = dim Μ = η. We will say that Μ has only rational singularities if Ψ^ is an isomorphism. The next result shows that the definition of rationality is independent of the choice of the resolution Ψ (if such exists).
L PROPOSrnoN. Μ has only rational singularities if and only if a) M has a compact resolution, and b) Ι^ω Λ ω < oo for any form ω G H°r(M, Ω") (the integral is improper).
This proposition can be easily deduced from the proof of Theorem 3.1 of [2] . Π The last proposition will be used by us for Μ = B w .
LEMMA.
If ω e H°r(B w , Q w+l ), then J M M Λ ω < oo.
COROLLARY. B W has only rational singularities; that is, there is a canonical isomorphism
PROOF. In view of Proposition 4.2 it suffices to verify a) and b). Assertion b) is Lemma 4.3, proved below; a) is a classical result of Hironaka on the resolution of singularities, which was proved in our situation in §3.
• 4.5. Let us consider an analytic surface W with an analytic function ζ: W -» Η on which the group β acts properly, discretely and without fixed points. We will assume additionally that a representation S: § -> SL(2, Z) is given and ζ satisfies the functional equation (2.1); that is, for any β G 6
where S p = (" J) G SL(2, Z) and u G fP". Then by analogy with §2.1 for any natural w the action (2.2) of the group Q w = § X Z w X Z w on W" X CT is defined. There are analytic functions ζ and £,·, where £,: W' X C w -> C is the projection on the /th factor of C, 1 < / < w, defined on W XC in a natural way. f, defines the real analytic functions 4.6. LEMMA. ί/mfer the assumptions of §4.5, Since ^w acts properly, discretely and without fixed points on W X C, the analytic variety g w \ W X C w is defined. Let ω be a holomorphic differential form of degree w + 1 on this variety. Then the lifting ώ of the differential form ω on W X C has the form where Φ' is a holomorphic function on ff' X C. This differential can be written also in the form
where Φ is a meromorphic function on F X C. 5.1. In the case (*) the elliptic modular surface B T over Δ Γ corresponding to the group Γ is canonically defined (see [5] , Definition 4.1). If (*) does not hold, then (noncanonically) by Lemma 1.5 a certain elliptic surface B T with the functional invariant J r is defined over Δ Γ . We will also call the given surface the elliptic modular surface corresponding to the group Γ. The Kuga variety Βγ associated with the elliptic surface B T will be called Kuga's modular variety of degree w corresponding to the group Γ. Note that both the given variety and B T are defined canonically only in the case (*). In the sequel the index Γ is dropped for simplicity; thus we write Δ instead of Δ Γ , Φ™ instead of Φ", and so on.
We will call a non-cusp point ν G Δ an elliptic point if ν is the orbit of a point ζ G Η such that the stationary subgroup TJ ±E is nontrivial. In other cases (that is, ν G Δ is neither a cusp point nor an elliptic point) we say that ν is regular. If ν is an elliptic point of Δ and ζ G Η is the corresponding point of the orbit, then ζ G SL(2, Z){/, η). We will say accordingly that the given elliptic point ν is equivalent to / or η.
Let Q = Q υ /oo, and Η = Η u_Q. A continuous extension of the action of SL(2, Z) is defined on the compactification H. Each cusp point/? G Π has a representative q G Q which is defined up to the action of Γ (see § 1.3 of [4] ). The stationary subgroup Γ^ of the point q is conjugate with respect to SL(2, Z) to the subgroup generated by ( 0 b \) °r Co if), b > 0, in the case (*). Therefore in accordance with the above we will say in the case (*) that a cusp point ν is a point of the first or the second kind. The first assertion of the following proposition translates the classification of points ν G Δ introduced just now into the language of types of points (see §1). Table 4 are equivalent: Table 4 is deduced from Table 2 , using elementary properties of the absolute invariant j, and also the following property of elliptic surfaces: B v is of type 1^ or I* (b > 1) if and only if J (ν) = σο. For instance, let ν Ε Δ be an elliptic point equivalent to η. Then, since j(j\) = 0, we have J r (v) = 0. Hence ν is of one of the types I o , Ι*, Π, Π*, IV or IV*. It is evident that I o and I* fall away. By virtue of the relation h = 1, h = 1 mod 3, the case II* falls away from the pair II, II*. By analogy the case IV falls away from the pair IV, IV* by virtue of the relation h = 1, h = 1 mod 3.
PROPOSITION, a) The notions placed in the columns of
If ν is of type IV* or II, then by Table 2 where H' = Η -SL(2, Ζ){η) and Δ' = Γ\ Η. The given isomorphism extends obviously to an isomorphism where Δ' is the set of regular points of Δ and H' is the inverse image of these points under the natural map Η -> Γ \ Η. Thus it remains to extend this isomorphism by Table  4 (*) to points ν which are elliptic and equivalent to η. Let z 0 £ Η be a representative of this point. Then, since Γ 2ο is a subgroup of order three and ν is a point of type IV*, we have 
